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Nematic Liquid Crystal under Plane 
Oscillatory Flows 

O.S. T A R A S O V a b ,  A.P. KREKHOVab and L. KRAMER" 

"Institute of Physics, University of Buyreuth, D-95440 Bayreuth, Germany and bin- 
stitute of Molecule and Crystal Physics, Russian Academy of Sciences, 450025 

Ufa, Russia 

We consider planarly oriented nematic liquid crystal subjected to plane, rectilinear, oscilla- 
tory Couette or Poiseuille flow in the case, when the director is initially perpendicular to the 
flow plane. Using the Galerkin method we found the critical amplitude of the flow at which 
the homogeneous instability develops. The analytical approximations for the frequency 
dependence of the critical amplitude for different types of flow are obtained. The results are 
compared with experimental data. 

Keywords: nematic liquid crystal; oscillatory flow; instability 

INTRODUCTION 

The mean molecular orientation of a nematic liquid crystal (NL(:)  can 
be characterised by unit vect.or n (director).The strong coupling betwcwi 
the director arid thr  velocity providrs t.he setting of different types of 
flow iristabilitiesI1~ '1, A situation of particular interest, is achieved wlicti 

the director is perpendicular to the flow plane. The experiments with 
t,he steady shear flow i n  NI,(:[3, 41 show, that  at. a certain value of shear 
rate .?h a homogeneous distortion of the director takes place. When a 
stabilising magnetic field H is applicd along the initial director orientation, 
,sh increases. Furthermore, above a certain limit.ing magnetic field HI,. the 
nature of t,he instability changcs: a pattrrn consisting of rolls parallel to 
t ,hr  shcar dirrction appears. 'I'lic. invrstigation of stcady Poiseuille flow["] 
dcrnonstrated the homogeneous instability. which appears at a certaiii 
valur of t h r  prcssurc gratlirrit. hut no roll instability was found. The 
rnechanism of the homogcneoi is  instability i n  steady flow was proposrtl 
in[4] ( Pieranski-Guyon rriechanisrri). Thr theoretical description developrtl 
in['. 7 3  8] for the steady flow gives good agreement with the experirnental 
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514 0,s. TARASOV et a1 

results. 
In the case of oscillatory Poiseuille flow both homogeneous and roll in- 

stabilities were found[4* 5, ', '3 '* ']. In nematics under oscillatory Couette 
flow only the rolls were observed. The simple model for the roll instability 
with square-wave excitation of the shear flow was proposed id4] with the 
threshold amplitudes is i n  good agreement with the experimental results. 
The same model has been analysed for instabilities under Poiseuille flow. 
The results agreed qualitatively with experirnental data[*]. 

In this work we present results of nurricrical stability analysis of the 
nematodynaniic equations by a Galerkin method in the case of plane low- 
frequency oscillatory Couette and Poiseuille flow. The obtained approxi- 
mate expressions for the critical flow amplitude for oscillatory shear and 
Poiseuille flow are compared w i t h  the results of direct numerical simula- 
tions. The influence of the shape of the flow excitation is analysed. 

BASIC EQUATIONS 

Consider the nematic layer of thickness d confined between two irifinit,c 
parallel plates with strong planar anchoring. Oscillatory Couettc flow 
can be produced by periodic motion of one of the plates in its plane. 
Oscillatory Poiseuille flow is obtained by applying an alternating pressure 
gradient at opposite ends of the cell. We choose the s axis along the flow 
direction and the  i axis perpendicular to the confining plates. Thus, the 
director lies a t  the boundaries along the y axis. We use the dimesionless 
variables { i  = t / d , i  = t / T d , G  = wrd,? = V T d / d } ,  where Td = ~ ~ d ~ / I i ~ ~  is 
the director relaxation time and w is the circular frequency of the  oscilla- 
tions. In the frequency range w << 1 /~ , ,  to  be considered here (viscous 
damping time T" = p d 2 / y l  so that. for p z lo3 kg/m3, d z in and 
yl z lO-'N.s/iri' one has I / T "  x lo4 s - ' )  one can neglect the time de- 
rivative (inertia term) in the Navier-Stokes equation. When the director 
and t,he velocity depcnd only on 2 and t t.he iieniatodylian~ic equations['] 
have solution (basic stat.e) {no = (O,l,O),vo = ( t i : , O , O ) , p o }  for any flow 
amplitude, where the flow velocity satisfies 

- PP* = 0. 

Here tildesareotnittc.dand {up(: = 1/2) = h T d / d c O S ~ d f , z f ( Z  = - I / ? )  = 
0 , p o  = O} for ('ouette flow, { i t , " ( :  = *I /%)  = 0 . ~ " ~  = E s c o s u t }  for 
Poiseuille flow, A is the amplitude of the displarrrnent o f  oscillating plate 
and A P / &  is the ainplitude of the pressure gradient along s axis. I n  
order to test the stability of this solution we linearize the nernatodbnamic 
equations['] around the basic state. We assume {n = no + 6n, v = 
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NEMATIC LIQUID CRYSTAL UNDER PLANE ... 515 

vo + 6v, p = po + 6 p } ,  where all perturbations 6f are small with boundary 
conditions 6 f ( z  = f 1 / 2 )  = 0. Solving the equation (1) and introdu- 
cing the shear rate S = U P , ,  one obtains {S = Socoswt ,So = Y A w }  for 
Couette flow and {S = 8S0:coswt,S0 = h, o, 4 }  for Poiseuille flow. 

The linearized nematodynamic equations read 

nz,t  - n,,,, = 8ls?/, 
nz, ,  - knz,zr = - d 2 ( S n ,  + u,J 

- p i , , ,  = ar($2nr, ,  + ( S n ,  

where 

- P,Y 

-a2/71, 

Here a,  are the viscosity coefficients, A',, are the elastic constants and the 
notation f,$ E aj/az has been used throughout. 

Frorn the 
Floquet-theorem one can write thc solution of Eqs.(2) in the general form 

Let us collect all functions in  vector v = (n, ,n, ,u)T. 

n=l  k=-m 

where CT is the growth rate and { & ( z ) }  is a set of orthogonal functions, 
such that dn(z = f 1 / 2 )  = 0 for every n. Substituting (3) into Eqs.(2) one 
obtain after projection and truncation a linear system for the expansion 
coefficients v,~; in  Eq.(3) of the form 

( A  + S0B)v = rrCv. (-1 1 

If one assunies a stationary bifurcation i.e. %(u) = S ( a )  = 0 at the 
threshold, one has to solve the eigenvalue problem for c7 = 0 

1 
s o  A-*BV = --V. ( 5 )  

The dctrrrniiiatiori of 9' using E:q ( 5 )  is technically more convenient 
than using (4). We have always check~cl th r  consistency of the rrsults 
obtained from ( . 5 )  with the results of ( 1 ) .  

('alculat ions were performed for the MBBA material parameters (see 
Appendix) with :-modes 11 = 4..16 and time harmonics Ikl = 3..7 for 
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576 O.S. TARASOV et ul. 

frequency range 0.01 - 100 Hz. ?'he relative error turned out t o  be smaller 
than - O.S%.  

OSCILLATORY COUETTE FLOW 

111 this case the Eqs.(2) haw two types of solutions with different -I syni- 
metry: 

{n1(:) even/odd, n Z ( - I )  cven/odd, u ( z )  odd/evcn} 

Thr solution corresponding to  the first class [whew f i r (  -I) an c w n  fiirict ion 
of -I] is following Manrieville[8] associated with an average f l u i d .  '1'111~ 
second one [where n z ( z )  an odd funct,ion of -I] is associated with an averagta 
splay. In additional the solutions of the Eqs.(2) can be splitted into two 
classes of t ime synirnetry according to the different types of the  parity of 
the time-harmonics in the Fourier expansion (3 )  

{n , ( t )  odd/even, n , ( t )  even/odd, u(1) even/odd) 

The corresponding solutions we call odd - timr and even - tim,r solu- 
tions, respectively. In the case of Couette flow the coefficients Eqs.(2) 
are independent of 2. We used the set of trigonometric functions &, = 
cos([2n - 1Ja;) for eveii functioris and & = sin(27~7ri) for odd functions 
in (3 ) .  

For rattier small frcquericies the threshold amplitude for homogcmeous 
even-twist instability sets in first. When the flow frequency increased 
then at some point there is a crossover to a n  even-splay instability. The 
numerical analysis shows, that  the odd-time solution does not becomr 
relevant at  any frequency. The homogeneous instability was found only 
for the case 0 3  < 0. When a3 g o i ~  to zero the  critical amplitude goes to 
infinity. This agrees wit,h t.hc instability niechanisiii proposed by Pieranski 
and Guyon[']. 

'1'0 get. ail analytic estiiriatc of the frequency dependence of the critical 
amplitude we truncate the cxpaiision ( 3 )  at, lowest. order time- and -I- 

harmonics. One obtains for t,he f t ~ f n - t w i s t  solut,ion. using $,(-I) = cos TI. 
$,(-I) = s i n 2 x i  

with thc critical shear rate for the stcwly flow illstability 
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For the even-splay solution, using & ( z )  = sin2x2, G l ( z )  = C O S H Z  one 
obtains 

with the critical shear rate for thr  steady flow instability 

In Fig. 1 the frequency dependence for the critical flow amplitude 
S : s c / ( w ~ d )  = A / d ,  obtained from numerical calculations and approximate 
expressions (6)-(7) for both twzst and splay --symmetry are plotted. In 

order to analyse the influence, of the shape of Couette flow on the thrcs- 
hold of homogrneous instability the calculations for square-wave exitation 
{.q = +.qO for 0 < ut < a, .q = -So for n < wl < 2n}  were performed by 
direct simulations of Eqs.(%). The  resulting curve (long-dashed) also pre- 
sented in Fig. 1 lies lower than the curve corresponding to the siniisoidal 
excitation. A similar situation appears in  the case of oscillatory Poiseuille 
flow and will be discussed in the Sec. Conclusion. 
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578 0,s. TARASOV et al. 

OSCILLATORY POISEUILLE FLOW 

In the case of oscillatory Poiseuille flow the solutions of Eqs.(2) have the 
following types of z symmetry 

{nr even/odd, nL odd/even, u even/odd} 

The time symrnetry types are the same as in the case of oscillatory shear 
flow. Because of linear :-dependence of the coefficients in Eqs.(2) from 

Frequency, Hz 

Figure 2: Critical amplitude for homogeneous instability in oscillatory 
Poiseuille flow. Solid line - numerical solution, corresponding to even- 
twzst symmetry, dash-dotted line - approximate solution (8). 

the basic flow we used the combination of Chebyshev polynomials {ZA(z)- 
T o ( z ) }  for even n and {T,,(t) - TI( : )}  for odd R as trial functions in 
(3 ) .  In contrast to the case of Couette flow, under Poiseuille flow only 
the even-funsf homogeneous instability develops (Fig. 2). At  a certain 
frequency ( W T ~  x lo6), when the influence of the boundaries vanish, the 
time symrnetry of the orientational instability changes from eve71 to odd. 

In order to obtain an approximate expression for the critical value 
of shear rate S we truncate the expansion ( 3 )  using I $ ] ( : )  = -8z2  + 2 ,  

= 32z3 - 82. Thrn one has 

with the stationary I'oiseuile flow thrrshold attiplit ude 
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NEMATIC LIQUID CRYSTAL UNDER PLANE.. 579 

In Fig. 3 the comparison between experimental and our nume- 
rical results is presented. We used the MBBA material parameters, cell 
thickness d = 200pm and Ax = 108 mm were taken Since the 

4.0 

3.0- 

2- 
g 2 . 0 -  

2 

0 . 0 -  
0 .00  0.03 0 . 0 6  0 . 0 9  0.12 

Frequency, Hz 

Figure 3: Critical amplitude of Poiseuille flow for different shapes of ex- 
citation. Stars are experimental points, solid line - numerical solution for 
the sinusoidal excitation, dashed line - square-wave excitation. 

shape of excitation in['] was not controlled we performed the calculations 
of the critical amplitude for both sinusoidal and square-wave oscillatory 
Poiseuille flow. 

CONCLUSION 

We have studied the orientational instabilities in a nematic layer with 
the director oriented perpendicular to both the velocity and the velocity 
gradient under low-frequency oscillatory Couette and Poiseuille flow. For 
the flow-aligning nematics ( 0 3  < 0) the basic state looses stability via 
a stationary bifurcation and the threshold amplitude decreases with in- 
creasing flow frequency. The obtained analytical approximation for the 
frequency dependence of the critical amplitude is in a good agreement 
with the results of direct numerical calculations. 

The critical amplitude for the square-wave shape of excitation was 
found to be in x fi smaller than for the sinusoidal one for both Couette 
and Poiseuille flow in  agreement with the lowest order time Fourier ex- 
pansion of Eqs.(2). One can see that in  this case the square of the critical 
shear ratr S2 proportional to the time-average < f2(t) >, where j ( t )  is 
the shape of rxcitation 

For oscillatory Poiseuille flow at  the increasing of flow frequency the 
changing of the time symmetry of the unstable solution from enen [with 
time-average < 7 1 ,  ># 01 to  odd [< R ,  >= 01 was observed at  Wrd % lo6. 
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580 O.S. TARASOV et al. 

This is in agreement with the results of analysis developed in"'], where the 
preferred stable time-average director orientation in the bulk was found 
in  the y - 2 plane at  some angle with respect to the y axis. 
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Appendix: Material parameters 
Numerical simulations were performed for the following values of the 
MBBA material parameters at 25 "C [ l l ,  121: 

h'll = 6.66, It'zz = 4.2, IC,, = 8.61 ( i n  units lo-'' N); 
a1 =-18.1,az = -110.4,cr:3= -1.1,ad =82 .6 ,aS=77 .9 ,ae  = -33.6 

(in units 10-, N.s/m'). 
We used the cell thickness d = 4 0 p  
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